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Finite Volume Discretization Aspects for Viscous Flows
on Mixed Unstructured Grids
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A solution method for compressible turbulent � ows on unstructured grids in two dimensions is described. The
method can be used on grids consisting of triangular and/or quadrilateral cells. Control volumes are constructed
from dual cells, and the solution variables are stored at the vertices of the grid. Grid-transparent algorithms are
developed that do not require knowledge of cell types, leading to simple discretization schemes on mixed grids. The
inviscid � uxes are computed from limited high-resolutionschemes originallydeveloped for unstructured triangular
grids. They are easily applied to quadrilateral or mixed grids and are grid transparent. The discretization of the
viscous � uxes is studied in detail. A positive, grid-transparent discretization of Laplace’s equation is developed.
The existence of tangential derivatives in the viscous terms prevents grid transparency. By neglecting tangential
derivatives, an approximate form of the viscous � uxes is developed, which recovers grid transparency. The ap-
proximate form is shown to be similar to the thin-shear-layer approximation. Results are obtained for a transonic
inviscid � ow, a laminar separated � ow, and a transonic turbulent � ow. Different control-volumeconstructions and
quadrilateral, triangular, and mixed grids are assessed using a grid-re� nement study. The approximate form of
the viscous � uxes is investigated in detail.

Introduction

S TRUCTURED-GRID � nite volume methodsare routinelyused
for predictions of high-Reynolds-number � ows typically en-

countered in aerospace applications.However, dif� culties with the
generation of high-quality grids have prompted the move toward
unstructured-grid� ow-solution methods. Whereas much work has
concentrated on the application of unstructured-grid methods for
the solution of the Euler equations, rarely have fundamental dis-
cretization issues for viscous � ows been investigated.Although the
current study is restricted to two dimensions, care has been taken
to ensure that the examined algorithms extend to three dimensions
in a straightforwardmanner. The generationof suitable grids is not
addressed in this study.

Regarding the discretization of the Euler equations, Aftosmis
et al.1 have shown that median-dual schemes (see, e.g., Refs. 2 and
3) suffer from excessivenumerical diffusionon triangulatedquadri-
lateral grids. When computing viscous � ows on triangular grids,
geometric constraints lead to the use of long and thin triangular
cells.4 ;5 The resultinggrids closely resemble triangulatedquadrilat-
eral grids, and numerical diffusion must be presumed to increase.
For stretched triangulatedquadrilateralgrids, the containmentdual6

has been shown to lead to much improved results compared to the
median dual (see also Ref. 7). The improvement seems to be be-
cause the containment dual reduces the in� uence of the diagonal
edges in the grid. However, instead of reducing the in� uence of the
diagonal edges, such edges can be deleted completely, thus leading
to mixed triangular–quadrilateralgrids. The superior discretization
properties of quadrilateral grids compared to triangular grids were
investigated numerically and analytically by Carpentier et al.8 An
analytical study by Baker9 shows that additional errors can be in-
duced on triangulated quadrilateral grids. The reduced number of
edges in quadrilateralgrids also leads to reducedCPU times because
many operations are carried out by looping over edges.
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Based on the evidence described, it seems best to employ layers
of quadrilateral cells around solid bodies and cover the rest of the
domain with triangular cells of rapidly increasing size for accurate
and economic computations of high-Reynolds-number� ows. Note
that the use of grids with different cell types is not a new idea;
it was suggested by Nakahashi and Obayashi10 and Weatherill11

about 10 years ago. Mixed grids have, however, received relatively
little interest since these pioneering efforts. This could be due to
concerns voiced in the literature that the existence of different cell
types complicates the solution method.12 Recent examples of the
use of mixed grids are by Mavriplis and Venkatakrishnan,13 Coirier
and Jorgenson,14 and Khawaja et al.15

The discretization of the viscous terms is usually investigated
by studying Laplace’s equation, to which the viscous terms in the
Navier–Stokes equations reduce for incompressible � ow and con-
stant viscosity. The maximum principle associated with Laplace’s
equation leads to the requirement that the coef� cients arising from
the discretizationbe positive. Barth16 has shown that a Galerkin � -
nite element discretization of the viscous terms on triangular grids
results in positivecoef� cientson Delaunaygridsonly.Althoughthis
result is of theoreticalinterest,becauseit demonstratesthe close link
between positivity and grid quality, it is of relatively little practi-
cal value because Delaunay grids are not ideally suited to viscous
� ows. Coirier17 carriedout a thoroughinvestigationof � nite volume
discretizationsof viscous � uxes on adaptiveCartesiangrids.The in-
vestigation was motivated by the observation that a calculation of
a low-Reynolds-number laminar � ow over a backward-facing step
diverged due to strongly nonpositive stencils in the reattachment
region.

It can be argued that, for high-Reynolds-number � ows without
� ow separation,the in� uence of poor viscous stencilswill be dimin-
ished and does not deserve much attention. However, even when
separation is avoided, it seems inappropriate from a fundamental
modelingviewpoint to havenumeroussophisticatedinviscidnumer-
ical � uxes in comparison to the little-researchedviscous numerical
� uxes. Also, turbulence models are extremely sensitive to nonpos-
itive coef� cients arising from the discretization.Any discretization
technique that ensures positivity is, therefore, desirable.

The contribution of the present work is twofold. First, an up-
wind � ow solution method for mixed triangular–quadrilateralgrids
is presented. For the Euler equations, the algorithm is completely
independent of the cell topology. Second, the discretization of the
viscous � uxes on general unstructured grids is studied. A positive
discretization is developed for Laplace’s equation and extended to
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the Navier–Stokes equations. An approximate form of the viscous
� uxes is devised that is independent of the cell topology.

Governing Equations
The � uid motion is governed by the Reynolds-averagedNavier–

Stokes equations, expressed in integral form for a control volume
Ä with boundary @Ä and outward unit normal n:

@

@ t Ä

u dA C
@Ä

f ¢ n ds D
@Ä

g ¢ n ds .1/

where u represents the state vector of conservedvariablesand f and
g are the correspondinginviscidand viscous� ux vectors. In a Carte-
sian coordinate system with unit vectors i and j, the state and � ux
vectors can be written as
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where ½ is the density, v D fu; vgt is the velocity vector, p is the
pressure, and H is the total enthalpy. The ideal gas law is assumed
to apply, i.e.,

p D R½T D .° ¡ 1/½ E ¡ 1
2
kvk2 .2/

where R is the gas constant, T is the temperature,and ° is the ratio
of speci� c heats, taken as 1.4.

The effects of turbulenceare modeled through the eddy-viscosity
hypothesis. The stress tensor is then given by

D 2.¹ C ¹t /S ¡ 2
3 .¹ C ¹t /r ¢ vI ¡ 2

3 ¹t kI .3/

where ¹ is the dynamic viscosity, ¹t is the eddy viscosity, I is the
identity tensor, k is the turbulencekinetic energy, and S is the strain
tensor.

The heat � ux vector is given by Fourier’s law:

q D ¡.· C ·t /rT D ¡ ° R

° ¡ 1

¹

Pr
C ¹t

Prt
rT .4/

where · is the coef� cient of heat conduction and ·t is its turbulent
transport equivalent. The laminar and turbulent Prandtl numbers
are taken to be 0.72 and 0.9, respectively.The variation of dynamic
viscosity with temperature is given by Sutherland’s law.

At present, the one-equation turbulence model of Spalart and
Allmaras18 is employed.

Solution Algorithm
The � nitevolumemethod is employedon unstructuredgrids com-

posed of triangular and/or quadrilateral cells. Because the present
focus is on discretization aspects, speed of convergence is not of
primary importance.Therefore, a simple explicit four-stageRunge–

Kutta scheme with local time stepping is used. An agglomeration
multigridalgorithmis underdevelopment.Moredetailscanbe found
in Ref. 19.

Control Volume De� nition
The control volumes are constructed from dual cells.3 This ap-

proach de� nes a control volume for each vertex in the grid, at which
solution variables are stored, and a face, through which � uxes are
computed, for each edge in the grid.

On triangular,quadrilateral,and mixed grids, the controlvolumes
are constructed from the median dual. On triangular grids, the con-
trol volumes can also be constructed from the containment dual.6

Data Structure
The present � ow solver employs an edge-based data structure.

As de� ned by Barth,16 this consists of storing pointers to the two
vertices of each edge and to the two cells sharing that edge. To be
practically useful, the edge-based data structure has to be supple-
mented by a cell-based data structure.

In the present implementation, the information provided by the
data structure is stored in three arrays. The � rst array lists the two
vertices of each edge, the second array lists the two cells sharing
each edge, and the third array lists the vertices of each cell. The
reasons for this choice will become apparent later.

For the sake of discussion,we will refer to algorithms that can be
carried out by looping over edges and make use of the three arrays
as just de� ned as edge-based algorithms.

Grid Transparency
The use of mixed grids raises the questionof how the existenceof

different cell types affects the solution method. Whereas it may be
unavoidableto treat triangularand quadrilateralcells differently (or
separately) during the pre- and postprocessing stages, we regard it
as undesirable to treat triangular and quadrilateral cells differently
during the � ow solution stage. The resulting conditional statements
adversely affect program speed and result in untidy code. There-
fore, it is sensible to treat the different cell types in the same way
wherever possible.The ideal case is a code that does not require any
information on the local cell topology; it is independent of the cell
type. Such a code is termed grid transparent. In the present project,
every effort has been made to ensure that the resulting code is grid
transparent.

A recent paper by Peroomian et al.20 addressed the development
of solution methods for different types of grids or mixed grids.
They also labeled their method grid transparentbecause structured,
unstructured,and mixed grids can be handledby the same code.The
presentauthorshad not been awareof thisworkwhendevelopingthe
method described here; the use of the same label is a coincidence.
An important difference, however, is that the present method is not
simply capable of working on triangular, quadrilateral, or mixed
grids. The algorithm does not, in fact, see any difference between
such grids for a given set of vertices.

Grid-transparent algorithms are not allowed to refer to cell in-
formation. All knowledge of cell topology is restricted to the pre-
and postprocessing stages. They can, thus, be regarded as a subset
of edge-based algorithms because only part of the information pro-
vided by the edge-baseddata structure is used; the second and third
data-structure arrays are not required. This has important implica-
tions on the stencils obtained on quadrilateral and mixed grids. For
a grid-transparentalgorithm, the stencil at a given vertex i will pri-
marily consist only of vertices that are linked to vertex i by an edge.
This situation is shown in Fig. 1 for a quadrilateral and a mixed
grid, where vertices included in the stencil are denoted by £. If the
other vertices, i.e., those that belong to a cell at vertex i but are not
linked to vertex i by an edge, are to be involvedalso, they have to be
included in a two-step procedure. In contrast, on a triangular grid,
all of the vertices of the cells meeting at a vertex are involved in the
stencil at that vertex.

The consequenceof using grid-transparentschemes on quadrilat-
eral and mixed grids is, therefore,a potential reduction in the extent
of the stencil at a given vertex compared to non-grid-transparent
schemes. The resulting advantages are increased program speed
and suitabilityfor implicit solutionmethods and parallel implemen-
tation. The accompanying disadvantage is reduced accuracy under
grid distortion. In other words, it is important to note that grid trans-
parent does not imply grid-quality transparent. Because we do not
believe that highly accurate solutions can be obtained at reasonable
cost on distortedgrids,we acknowledgethe disadvantagebut do not
regard it as too restricting in practice.

The preceding discussion involves two dimensions, where two
cells meet at each interior edge. However, the real bene� ts of grid-
transparent algorithms will be felt only on mixed grids in three
dimensions. The number of grid cells meeting at an edge in three
dimensions is strongly dependent on the cell types. For example,
that number is essentially arbitrary for a tetrahedral grid and may



HASELBACHER, MCGUIRK, AND PAGE 179

a) Quadrilateral grid

b) Mixed grid
Fig. 1 Grid-transparent stencil, where vertices directly included in
stencil are denoted by £ £ .

vary considerablyon mixed grids. It is clear that a substantial sim-
pli� cation will be achieved if one does not have to refer to a large
(and variable) number of cells at each edge. A further motivation
for the development of grid-transparent methods is the existence
of complex polygonal cells on coarse-grid levels when using ag-
glomerationmultigrid,where it may not be possible to construct the
second and third data-structurearrays described earlier.

The issue of grid transparencywill be discussed further as appro-
priate.

Inviscid Fluxes
Various numerical � ux functions, reconstruction methods, and

limiter functions have been implemented in the � ow solution
method.Here, only Roe’s � ux-differencesplitting,21 theunweighted
linear least-squares reconstructionby Barth,16 and the limiter func-
tion by Venkatakrishnan22 have been used.

The implementationof the describedreconstructionmethods and
limiter functions can be accomplished by looping over the edges
without referring to cell information.They are, therefore,grid trans-
parent.

Viscous Fluxes
Theoretical Considerations

The present investigationof the viscous � uxes was motivated by
the desire to obtain a positive, second-order-accurate scheme on
arbitrary mixed grids that is compatible with the edge-based data
structure and possibly grid transparent. To simplify the analysis,
Laplace’s equation was studied.

Theoretical studies based on Taylor-series analysis allow an ex-
amination of the conditions for local second-order accuracy. The
discretized form of Laplace’s equation on a general grid can be
written as

a) Quadrilateral grid

b) Triangular grid
Fig. 2 Classical stencils for Laplacian.

.r2Á/0 ¼
n

i D 1

!i .Ái ¡ Á0/ D 0 .5/

at a gridpoint0, where the summationis overn neighboringvertices.
The maximumprincipleassociatedwith Laplace’s equationrequires
the coef� cients !i to be positive.

The conditions for second-order accuracy can be written as nine
equations involving the coef� cients !i and the coordinate differ-
ences over the stencil.17 ;23 From these equations, it is easy to show
that there is a basic incompatibilitybetween accuracy and positivity
of the coef� cients on general grids. For arbitrary grid geometries,
positivity of the coef� cients and second-order accuracy cannot be
achieved simultaneously. Both accuracy and positivity can be at-
tained only on regular grids. Note that this conclusion is consistent
with the work by Barth16 on the positivity of the Galerkin � nite
element discretization of Laplace’s equation. More details can be
found in Refs. 17 and 19.

For Laplace’s equation, the scheme should also result in the
classical stencils on regular quadrilateral and triangular grids as
shown in Fig. 2. This automatically enforces grid transparency.
However, devising such a scheme turns out to be more dif� cult than
expected.

Nonpositive Discretization of Laplacian
For example, consider discretizingLaplace’s equation by a � nite

volume method where the gradients at each face are found from a
discrete form of the Green–Gauss theorem,

rÁ ¼ 1
AÄ @Ä

Án ds .6/

where the path @Ä is given by the union of the two cells meeting at
the edge associated with that particular face. This gives the desired
stencil on a regular triangular grid but leads to the so-called rotated
Laplacianon a regular quadrilateralgrid.17 This is the stencil where
the vertices linked to the central vertex have zero weights, whereas
the vertices not directly linked to the central vertex have positive
weights, giving poor smoothing properties.
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Positive Discretization of Laplacian
A positive discretization for Laplace’s equation can be con-

structed by recalling the identity

Ä

r2Á dA D
@Ä

@Á

@n
ds .7/

The key difference from the use of the Green–Gauss theorem is
that the normal derivative is discretized directly. Equation (7) is
approximated as

.r2Á/0 ¼ 1
AÄ

n

i D 1

1si

1ni
.Ái ¡ Á0/ .8/

where 1ni is the length of the edge connectingvertices 0 and i and
1si is the length of the associateddual edge.This discretizationsat-
is� es grid transparency.Furthermore,comparingEq. (8)with Eq. (5)
shows that the weights are guaranteed to be positive. Accordingly,
Eq. (8) is referred to as the positive scheme.

On irregular grids, the Green–Gauss theorem discretization is
nonpositivebut more accurate than the positivediscretizationgiven
by Eq. (8). On regular grids, both schemes give positive coef� cients
and good accuracy. However, the Green–Gauss theorem discretiza-
tion leads to the rotated Laplacianon regular quadrilateralgrids and
is not grid transparent. The inclusion of the normal derivative en-
sures that the positive scheme reduces to the classical stencils on
regular triangular and quadrilateral grids and prevents the occur-
rence of the rotated Laplacian as already mentioned. The positive
scheme is also grid transparent,making it the more attractive of the
two schemes described.

Extension to Navier–Stokes Equations
The positive scheme cannot be directly extended to the Navier–

Stokes equations because the full viscous terms cannot be written
in the form

@Ä

¹rÁ ¢ n ds .9/

whereÁ is u orv. For example,in the x- and y-momentumequations,
the viscous terms can be cast as

@Ä

¹ru ¢ n ds C 1
3 @Ä

¹r ¢ vnx ds ¡
@Ä

¹rv ¢ t ds (10a)

@Ä

¹rv ¢ n ds C 1

3 @Ä

¹r ¢ vn y ds C
@Ä

¹ru ¢ t ds (10b)

In each equation, the third term vanishes for constant viscosity due
to Stokes’ theorem, whereas the second term vanishes for incom-
pressible � ow. Even for � ows where the second and third terms do
not exactly vanish, it is assumed that the most important contribu-
tion is due to the � rst term. Some evidence that substantiates this
assumption for laminar � ows will be presented subsequently.

It should be noted, however, that the third term in Eq. (10a) and,
in particular, Eq. (10b) may not be negligible when eddy-viscosity
turbulence models are employed. This is because the essentially
constant dynamic viscosity is replaced by the sum of the dynamic
viscosity and the strongly varying eddy viscosity. The validity of
neglecting the third term in Eq. (10b) will be investigated subse-
quently.

We have explored two routes for discretizing the viscous terms.

Full Viscous Fluxes
The � rst route includes all of the terms in Eqs. (10a) and (10b).

Therefore, it is necessary to reconstruct the x and y derivatives
separately. This can be done by noting that

@Á

@x
D

@Á

@n
nx ¡

@Á

@s
n y (11a)

@Á

@y
D @Á

@n
n y C @Á

@s
nx (11b)

where nx and n y are the components of the outward unit normal at
a particular dual edge and @Á=@s D rÁ ¢ t is the tangential deriva-
tive. The � rst approach, therefore, employs the earlier described

method of computing the normal derivative, whereas the Green–

Gauss theorem is used to calculate the tangential derivative. The
two are combinedaccording to Eqs. (11a) and (11b) to give the gra-
dients in the x- and y-coordinatedirections, which are then used to
compute the viscous � uxes.

The use of normal and tangentialderivativecomponentshas been
describedpreviouslyby Holmes and Connell.24 The present deriva-
tion highlights how this decompositionnaturally arises from study-
ing Laplace’s equation and the viscous terms in the Navier–Stokes
equations.

The use of the Green–Gauss theoremfor the approximationof the
tangential derivative prevents grid transparency for viscous � ows
on mixed grids. Also note that the need for the approximation of
the tangential derivatives can occasionally introduce small nega-
tive weights under adverse grid conditions for vertices that are not
directly linked to the central vertex.

Approximate Form of the Viscous Fluxes
The second route resorts to an approximate treatment to enable

grid transparencyfor the viscous � uxes on mixed grids. Neglecting
the last term in Eqs. (10a) and (10b) and approximating the second
termusingEqs. (11a) and (11b), where the in� uenceof the tangential
derivative is assumed to be small, gives

@Ä

¹ru ¢ n ds C 1

3 @Ä

¹ ru ¢ nn2
x C rv ¢ nnx n y ds (12a)

@Ä

¹rv ¢ n ds C 1

3 @Ä

¹ ru ¢ nnx n y C rv ¢ nn2
y ds (12b)

These are easily approximated along each edge and do not require
knowledgeof the cell topology.Positivity of the coef� cients is guar-
anteed.

An examination of the neglected terms reveals that the approx-
imation can be regarded as a kind of thin-shear-layer approxima-
tion in all coordinate directions. Gnoffo25 presented a systematic
derivation of the formulation of the viscous terms in general three-
dimensionalcurvilinearcoordinates.RetainingGnoffo’s nomencla-
ture, a thin-layer approximation in the Â -coordinate direction was
derived as

¿ns D ¹
@º

@Â
C 1

3
@U

@Â
ns rÂ ¢ n .13/

where ¿ns is the shear stress acting in the s-coordinate direction
on a control-volume face with outward unit normal vector n; º is a
dummy variable for u or v correspondingto the coordinatedirection
s, and U is the control volume face normal velocity. Putting Â D y
and s D x gives

¿nx D ¹
@u

@y
C

1

3

@u

@y
nx C

@v

@y
n y nx n y .14/

which is the expression to which the integrands in Eq. (12a) ef-
fectively reduce for control-volume faces that are approximately
aligned with the x-coordinate direction.

For the viscous � uxes in the energy equation, the stresses are
approximated using velocity gradients from Eqs. (11a) and (11b),
where the tangential derivative component is neglected. The heat
� ux is easily approximated, being of the form given by Eq. (9).

In an attempt to derive a simpli� ed discretization of the viscous
� uxes on mixed grids, Mavriplis and Venkatakrishnan13 chose to
discretize the full viscous terms on tetrahedral cells only and dis-
cretizedtheLaplacianon pyramidal,prismatic,andhexahedralcells.
Although this reduces the required computational work, it cannot
be regarded as entirely satisfactory. Assuming that hexahedral and
prismaticelementsare employednearboundaries,their schemesim-
pli� es the viscous terms in viscous regions,whereas the full viscous
termsare retainedin regionsthat are likelyto be completelyor nearly
inviscid. In contrast to the method by Mavriplis and Venkatakrish-
nan, the present approximation does not depend on the cell type.
Instead, it relies more on approximationsjusti� ed from � ow condi-
tions; this is believed to be a better approach.

Peroomian et al.20 compute the viscous � uxes from a limited
reconstructionfor the higher-orderinviscid� uxes. We do not regard
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this as suitable because the limiting of extrema may in� uence the
viscous � uxes.

Results
Results are presented for computational investigationsthat focus

on the in� uence of grid types on solution quality and the in� uence
of the two forms of the viscous � uxes described earlier. As already
stated, the solutions shown here have been obtained with the Roe
� ux-differencesplittingscheme, theunweightedlinear least-squares
reconstructionmethod, and the Venkatakrishnanlimiter function.

Inviscid Flow
To validate the solution algorithm for the Euler equations, the

� ow over a circular arc bump in a straight channel is computed.
The height of the channel, the distance in front of and behind the
bump, and the chord of the bump are equal to one length unit. The
transoniccase is speci� ed by M1 D 0:675 and a thickness-to-chord
ratio of the bump of 10%.

Solutions have been obtained on a 98£ 34 regular quadrilateral
grid and a triangular grid obtained by inserting diagonals from the
bottom-left-handcorner to the top-right-handcorner of each cell.

Figure 3 shows the differences in the pressure coef� cient on the
lower wall obtained on the quadrilateral grid and on the triangu-
lar grid with median and containment dual-control volumes. It can
be seen that the solutions on the quadrilateral and the triangular
grid with containment dual-control volumes are virtually identi-
cal, whereas the mediandual-controlvolume solutionexhibitsmore
smearingin the regionof the shockwave.Thus, the indicationis that,
on triangulated quadrilateral grids, the containment dual can attain
the same accuracy as the correspondingquadrilateral grid solution.
However, the solution on the triangular grid is more expensiveby a
factor of about 50% due to the greater number of edges.

Laminar Flow
To investigate the formulation of the viscous � uxes and the in-

� uence of different grid types, the � ow around a NACA 0012 air-
foil is computed. The � ow is speci� ed by M1 D 0:8, Re1 D 500,
and ® D 10 deg. At these conditions, a separation bubble extends
over more than half of the upper surface. This test case was
used in the GAMM (Gesellschaft für Angewandte Mathematik und
Mechanik) Workshop on Numerical Simulation of Compressible
Navier–Stokes Flows by Bristeau et al.26

The present solutions have been obtained on a series of nested
curvilinear grids of 33 £ 9, 65 £ 17, 129 £ 33, and 257 £ 65 grid
points. These grids are referred to as the base, coarse, medium, and
� ne grids, respectively.Triangular grids were obtained by inserting
diagonal edges into the quadrilateral grids in such a way that the
symmetry of the grids was preserved. Mixed grids were generated
by leaving a speci� ed number of layers of quadrilateral cells over
the airfoil surface and inerting diagonal edges into the remaining

Fig. 3 Pressure coef� cient along lower wall for bump � ow test case;
inset: detail at shock position.

Fig. 4 Quadrilateral, triangular, and mixed-medium grids for NACA
0012 airfoil test case.

quadrilateral cells. The resulting mixed grids cannot take advan-
tage of rapidly expanding triangular cells toward the far � eld. The
number of quadrilateral layers is equal to � ve on the base grid and
is increased on the � ner grids such that the position of the inter-
face between quadrilateral and triangular cells remains identical.
The medium quadrilateral, triangular, and mixed grids are shown in
Fig. 4.

To verify the � nite volume discretization of the viscous terms
given by Eqs. (10a–11b), results obtained with that discretization
were compared to thoseobtainedwith the well-establishedGalerkin
� niteelementdiscretizationderivedbyBarth.16 It is shownin Ref. 19
that the lift and drag coef� cients, as well as separationand reattach-
ment positions,were virtually indistinguishableon each of the four
grids, thus con� rming the basic validity of the approach described
earlier.

A sample of the streamlines on the medium quadrilateral grid is
shown in Fig. 5.
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Fig. 5 Streamlines on upper surface for mediumquadrilateral grid for
NACA 0012 airfoil test case.

a) Lift coef� cient

b) Drag coef� cient

Fig. 6 Behavior with grid re� nement for full viscous terms for NACA
0012 airfoil test case.

In� uence of Grid Type
The behavior of the lift and drag coef� cients with grid re� ne-

ment on the quadrilateral, triangular, and mixed grids and the full
viscous � uxes is shown in Fig. 6. In this and the following � gures
showing results of grid re� nement studies, abscissas are given by
the reciprocal of the number of vertices in the grids. It can be seen
from Fig. 6 that the lift coef� cient values on the quadrilateralgrids,
the triangulargrids with containmentdual-controlvolumes, and the
mixed grids exhibit less variation with grid size than the triangular
grids with median dual-control volumes. This indicates that the re-
sults on the triangulargridswith mediandual-controlvolumesare of
a lower level of accuracy. It is interesting to note the nonmonotone
behavior of the lift coef� cient with grid re� nement.

The variation of drag coef� cient with grid re� nement is quite dif-
ferent in that the four grid types followapproximatelythe same path.
The quadrilateralgrid and the triangulargrid with containmentdual

had roughly the same pressure and friction drag components. The
triangular grid with median dual-control volumes showed higher
pressure and lower friction drag components, partially canceling
each other. This seems consistent with earlier observations that the
median dual leads to more diffusive results.

The small differences between the lift and drag coef� cients on
the medium and � ne grids indicate that the solutions on those grids
are not quite grid independentyet. The solutionsmay be regardedas
nearly grid independent,however, because the differencesare much
smaller than those on the coarse and medium grids for the same
increase in grid density.

Behavior of Approximate Viscous Fluxes
The discretizationof the full viscous terms is compared with the

approximate form in Fig. 7 for the quadrilateralgrids. It can be seen
that there is virtually no difference between the two forms. This
appears surprising at � rst because it was shown earlier that the ap-
proximate form can be interpretedas a thin-shear-layerapproxima-
tion. The present � ow is of low Reynolds number and is dominated
by the large recirculation region. Nevertheless, the approximation
seems to be valid. This may also be seen from Fig. 8, where the
balance of the terms in Eq. (10a) is plotted along the normal to the
upper airfoil surface at x=c D 0:7, i.e., in the separation bubble, for
the medium quadrilateralgrid. The contributionof the Laplacian is
clearly the most important. At other chordwise stations, the same
result has been observed. The same conclusionapplies to the terms

Fig. 7 Lift and drag coef� cient behavior with re� nement for full and
approximateviscous terms on quadrilateralgrids for NACA 0012airfoil
test case.

Fig. 8 Relative importance of terms in Eq. (10a) at x/c = 0 7 for me-
dium quadrilateral grid for NACA 0012 airfoil test case.
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Fig. 9 Median dual-control volume on stretched triangulated quadri-
lateral grid.

Fig. 10 Comparison of pressure coef� cients between full and approxi-
mate viscous � uxes on quadrilateral grid for RAE 2822 airfoil test case.

in the y-momentum equation,although the differencesare not quite
as pronounced, and the magnitude of the terms is reduced.

When employing the approximate form of the viscous � uxes on
triangulargrids with the median dual, there is relatively poor agree-
ment with the full form. This can be explainedby referenceto Fig. 9,
which shows the median dual-control volume on the type of grid
used.The normal derivativeis requiredin the directionof the broken
arrow but approximated in the direction of the unbroken arrow. It is
easy to see that, even for benign stretching, the normal derivative is
not well approximated because the dual edge is not approximately
perpendicular to its associated edge. In fact, for the grid shown in
Fig. 9, the normal derivative could not be approximated accurately
unless another component was used. However, using another com-
ponent, such as the tangentialderivative, reintroducesterms that are
not grid transparent.

Because it is not necessary to compute tangential derivatives for
the approximate form of the viscous � uxes, savings of up to 20% in
CPU time have been achieved when evaluating the viscous � uxes
at the � rst and third steps of the four-step Runge–Kutta scheme.
Convergence behavior has been unaffected.

From the results shown in this section, we may conclude that
the use of quadrilateral grids, triangular grids with containment
dual-control volumes, and mixed grids leads to lower levels of nu-
merical error than the use of median dual-control volumes. Fur-
thermore, the approximate form of the viscous � uxes gives results
that are virtually indistinguishablefrom those obtainedwith the full
form.

Turbulent Flow
The test case involves the solution of the � ow around the RAE

2822 airfoil at M1 D 0:754, Re1 D 6:2 £ 106, and ® D 2:57 deg.
This correspondsto the (corrected) conditionsof case 10 in Ref. 27.

The solutionshavebeenobtainedon a 257 £ 65 quadrilateralgrid
with 209 points on the airfoil surface and on a mixed grid with 45
layers of quadrilateral cells. Transition was imposed at x=c D 0:03.

Figure 10 shows that there is little difference in terms of pressure
coef� cientbetweensolutionsobtainedwith thefull andapproximate

a)

b)

Fig. 11 Relative importance of terms at x/c = 0 6 on quadrilateralgrid
for RAE 2822 airfoil test case: a) in Eq. (10a) and b) in Eq. (10b).

form of the viscous � uxes. Reasonable agreement with experimen-
tal values is obtained.Differencesbetween the full and approximate
forms are restricted to the shock-wave and separation regions. Val-
ues of the lift and drag coef� cients were 0.7524 and 0.0275 for
the full viscous � uxes and 0.7569 and 0.0276 for the approximate
viscous � uxes, respectively. The validity of the approximate form
can be assessed from Fig. 11, which shows the importance of the
three constituent terms along the normal to the upper airfoil sur-
face at x=c D 0:6, i.e., in the interaction region between the shock
wave and the boundary layer. It is in this region that we can expect
unjusti� ed assumptions in the approximate viscous � uxes to show
prominently.The � rst term in Eq. (10a) clearly dominates the other
two, showing that the approximationsin the x-momentum equation
are justi� ed. In the y-momentum equation, there is no domination
of a single term. In particular, as suspected, the third term in Eq.
(10b) is not negligiblecompared to the � rst term. However, because
the magnitude of the terms in Eq. (12b) is roughly an order of mag-
nitude less than those in Eq. (12a), the approximationsseem to have
little effect.

The comparisonof pressurecoef� cientsbetweenthe quadrilateral
and mixed grids shows little difference, as shown in Fig. 12. The
values of the lift and drag coef� cient on the mixed grid were 0.7575
and 0.0278. The corresponding experimental values are given by
0.743 and 0.0242. Future work will exploit properly triangulated
far-� eld regions to reduce grid size and, therefore, CPU time.
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Fig. 12 Comparison of pressure coef� cients on quadrilateral and
mixed grids for RAE 2822 airfoil test case.

Conclusions
An upwind � ow solver for the solution of compressible viscous

� ows on triangular and/or quadrilateral grids has been described.
The concept of grid transparency has been developed, allowing
for simple discretization schemes on mixed grids. For the invis-
cid � uxes, the � ow solver is grid transparent.For the viscous � uxes,
grid transparency is lost for the full viscous terms. An approximate
form of the viscous terms has been derived that is positive and re-
stores grid transparency. The approximate form is similar to the
thin-shear-layerapproximation.

Numerical results have been presented for a transonic inviscid
� ow, a laminar � ow about an airfoil with large-scaleseparation,and
a turbulent transonic � ow about an airfoil. A grid-re� nement study
has assessed the accuracy of different control constructionsand the
in� uence of triangular, quadrilateral, and mixed grids for viscous
� ow. Median dual-control volumes on triangular grids resulted in
higher numerical errors than the other schemes considered.

The approximateformof theviscous� uxeswas assessedin detail.
For the test cases considered, the results obtained with the approxi-
mate forms were practically indistinguishable from those obtained
with the full form, while requiring up to 20% less CPU time.
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